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1. Given integers a and b, with b > 0. show that there exist unique integers
q and r satisfying a = gb + r, 0 < r < b. Also find the ged ( 12378, 3054)

using Euclidean algorithm. 15

(@) If p is prime and p|a;.a, ... a,, then prove that p|ak for some £,

where 1 < k < n. 8

b) Show that for given integers a and b not both of which are zero, there

exist x and y such that gcd(a, b) = ax + by. 7
2. Define congruence modulo n. Let n > 1 be fixed and a, b, ¢, d be arbitrary
integers, then prove that : 15

(@) If a = b6 (mod n) and b = c¢(mod n), then a = ¢ (mod n)

(@) If g =b (mod n) and ¢ = d(mod n), then (@ + ¢) = (b + d) (mod n) &
ac = bd (mod n)
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If @ = b (mod n), then a* = b* (mod n) for any positive integer k.

Or

Prove that the linear congruence ax = b (mod n) has a unique solution
if and only if d |b where d = ged(a, n). If d|b, then it has d mutually

incongruent solutions modulo 7. 8
b) State and prove Fermat’s theorem. 7
3. Attempt any two of the following : 10
(a) Show that if a and b are integers, not both zero then the set
T = {ax + by |x, y are integers} is precisely the set of all multiples of
d = gcd(a, b). 10
(b)  Prove that the number /5 is irrational.
(¢0  Show that 22° = 1 (mod 41).
(d) If p is prime, prove that (p — 1)! = —1(mod p).
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